Abstract. We study a geometric notion related to formality for Bott-Chern cohomology on complex manifolds.
Introduction
Cohomological properties of complex manifolds X are encoded in several cohomological invariants. On the one side, the de Rham cohomology H A (X) of (bi-)graded vector spaces. Initially introduced in [5] and [1] , they naturally arose in several problems in complex analysis, complex geometry, and theoretical physics.
There are two complementary directions in studying Bott-Chern cohomology. On the one side, one can be interested in studying its relation with de Rham cohomology. The very special property that the natural map p+q=• H p,q BC (X) → H • dR (X; C) is injective, (and hence an isomorphism, [8, Lemma 5.15, Remark 5.16, 5.21] ,) is called ∂∂-Lemma property, [8] , and it holds for compact Kähler manifolds, [8, Main Theorem] . In this view, in [4, Theorem A, Theorem B], we studied an inequalityà la Frölicher for Bott-Chern cohomology of compact complex manifolds of complex dimension n, which provides a characterization of ∂∂-Lemma: for any k ∈ Z,
and the equality holds for any k ∈ Z if and only if X satisfies the ∂∂-Lemma. Note that, for compact complex surfaces, the cohomologically-Kählerness expressed by the ∂∂-Lemma property is in fact equivalent to Kählerness, as a consequence of the Kählerness characterization in terms of the first Betti number being even. More precisely, for compact complex surfaces, one has that the only degree of non-Kählerness is ∆ 2 ∈ 2 N, [2, Theorem 1.1].
On the other side, one can focus on the algebraic structure of H
•,•
BC (X) in relation with ∧ •,• X. In fact, H
•,• BC (X) has a structure of algebra, induced by the exterior product, and H
A (X) has a structure of H

BC (X)-module. Let us consider the de Rham cohomology H
• dR (X; R) of a compact differentiable manifold X. It has a structure of algebra given by the cap product, induced by the wedge product on the space ∧
• X of differential forms. But, in general, it is not possible to choose a basis of representatives having a structure of algebra. In [22, §3.1] , the space of harmonic forms over a compact Riemannian manifold is endowed with a structure of A ∞ -algebra in the sense of Stasheff, [19, II, Definition 2.1]. The first linear maps of this structure are m 1 = 0 and m 2 = (· ∧ ··)
H , where (·) H denotes the projection onto the space of harmonic forms with respect to the fixed Riemannian metric. In [15, Theorem 3.1, Corollary A.5], it is proven that, for any n ∈ N \ {0, 1, 2}, for any x 1 , . . . , x n harmonic forms, the element m n (x 1 , . . . , x n ) is a representative of the nth Massey product of [
As firstly considered by Sullivan, [20, page 326] , there is an "incompatibility of wedge products and harmonicity of forms" on a compact differentiable Riemannian manifold. This leads to the notion, introduced and studied by D. Kotschick, of formal metric, [14, Definition 1], namely, a Riemannian metric such that the space of harmonic forms has a structure of algebra. Note that, by definition, if the fixed Riemannian metric is formal in the sense of Kotschick, then, instead of (· ∧ ··)
H , one has just the wedge product between harmonic forms, letting the A ∞ structure being in fact an algebra. The existence of such a metric is a stronger condition than formality: see, for example, the obstructions provided in [14, Theorem 6, Theorem 7, Theorem 9].
D. Sullivan introduced the notion of formality, see [20, §12] . It provides a way to relate the algebra structure of the complex of forms and the algebra structure of the de Rham cohomology. A differentiable manifold X is called formal in the sense of Sullivan [20] if the minimal model of its associated differential graded algebra (∧ • X, d) and of the de Rham cohomology (H [20, page 315] . In other words, we have a diagram
of differential Z-graded algebras with f and g quasi-isomorphisms. This means that the rational homotopy of X "can be computed formally from" the cohomology ring H
• dR (X; R). In particular, if X is formal in the sense of Sullivan, [20] , then all the Massey products vanish. A geometrically formal compact differentiable manifold, (that is, a compact differentiable manifold admitting a formal Riemannian metric,) is formal in the sense of Sullivan, [14, §1] .
In this note, we are interested in notions of formality strictly related to complex structures. To this aim, recall the work by J. Neisendorfer and L. Taylor on Dolbeault formality, [17] . They study Dolbeault formal manifolds, that is, complex manifolds for which the double complex of differential forms is formal as a differential Z 2 -graded algebra with respect to the ∂ operator. This happens, for example, for compact Kähler manifolds, or, more in general, for compact complex manifolds satisfying the ∂∂-Lemma, [17, Theorem 8] . See also [21] .
But the above formality theory, valid for both de Rham and Dolbeault cohomology, seems not to work exactly for Bott-Chern cohomology, due to technical reasons. For example, note that the Bott-Chern cohomology is not computed as the cohomology of a differential graded algebra. We try to start here the "algebraic" study of the Bott-Chern cohomology by investigating the notion of geometrically-BottChern-formal metrics on compact complex manifolds, namely, Hermitian metrics for which the product of harmonic forms with respect to the Bott-Chern Laplacian, [13, 18] , is still harmonic. (Here, harmonic is intented in the sense of the Hodge theory developed by M. Schweitzer for Bott-Chern and Aeppli cohomologies in [18] .) This seems, as far as we know, a first attempt to understand a possible notion of formality related to Bott-Chern cohomology.
More precisely, we introduce Aeppli-Bott-Chern-Massey products, see §2.1. We show that they provide an obstruction to the existence of geometrically-Bott-Chern-formal metrics. Several examples are studied explicitly in Section 3, here including Iwasawa manifold, compact complex surfaces diffeomorphic to solvmanifolds, Calabi-Eckmann structures on S 1 × S 3 and on S 3 × S 3 , holomorphically-parallelizable Nakamura manifold.
Bott-Chern cohomology and formality
Let X be a compact complex manifold of complex dimension n. We first recall the definition of Bott-Chern cohomology and some results on Hodge theory. Then we introduce the notion of geometricallyBott-Chern-cohomology.
1.1. Bott-Chern cohomology. The Bott-Chern cohomology, [5] , is the Z 2 -graded algebra
The Aeppli cohomology, [1] , is the
For a given Hermitian metric g on X, consider the 4th order self-adjoint elliptic differential operators,
and, [18, §2.c],
Consider the inclusions For a Hermitian metric g, the C-linear Hodge- * -operator * g :
1.2.
Geometrically-Bott-Chern-formality. Inspired by [14] , we consider the following notion, concerning Hermitian metrics for which ker ∆ g BC has a structure of algebra. Definition 1.1. A Hermitian metric g on a compact complex manifold X is called geometrically-BottChern-formal if it yields the inclusion ι
A compact complex manifold X is called geometrically-Bott-Chern-formal if there exists a Hermitian metric g on X being geometrically-Bott-Chern-formal.
Aeppli-Bott-Chern-Massey products
In this section, we define Aeppli-Bott-Chern-Massey products on complex manifolds, and we show that they provide obstructions to geometrically-Bott-Chern-formality.
2.1. Aeppli-Bott-Chern-Massey products on complex manifolds. We recall that, on a compact complex manifold X, the Bott-Chern cohomology H
•,• BC (X) has a structure of algebra. The Aeppli cohomology H
•,•
BC (X)-module. We start by giving the following definition and by proving its coherency. 
Proof. We have to prove that the form (−1) p+q α 12 ∧ α 24 − (−1) r+s α 13 ∧ α 34 is ∂∂-closed, and that its class in the quotient depends neither on the chosen representatives of a 12 , a 23 , a 34 , nor on the chosen elements α 13 , α 24 .
First of all, note that, since α 12 and α 34 are ∂-closed and ∂-closed, then
Hence the form (−1)
Then we can take α 13 = (−1) p+q ξ ∧ α 23 . Therefore we get
which is a null term in the Aeppli cohomology.
Finally, suppose, for example, that α 13 ∈ ker ∂ + ker ∂. Then the form α 13 defines a class in H p+r−1,q+s−1 A (A •,• ), and the term α 13 ∧ α 34 is null in the quotient H
Definition 2.2. Let X be a complex manifold. The triple Aeppli-Bott-Chern Massey products, (shortly, Aeppli-Bott-Chern-Massey products,) are defined as the triple Aeppli-Bott-Chern-Massey products of the
2.2. Aeppli-Bott-Chern-Massey products and formality. We prove that Aeppli-Bott-ChernMassey products provides obstructions to geometrically-Bott-Chern-formality for compact complex manifolds.
The following lemma is straightforward. 
Indeed, note that (−1)
We now apply the above lemma to the case of geometrically-Bott-Chern-formal manifolds.
Proposition 2.4. Let X be a compact complex manifold. Suppose that there exists a morphism
is an isomorphism. Then the Aeppli-Bott-Chern-Massey products of X vanish.
Proof.
Theorem 2.5. Aeppli-Bott-Chern-Massey products vanish on compact complex geometrically-Bott-Chernformal manifolds.
Proof. Let g be a geometrically-Bott-Chern-formal metric on the compact complex manifold X. In particular, ker ∆ g BC has a structure of algebra and the inclusion ι 
Indeed, note that Aeppli-Bott-Chern-Massey products vanish in Z 2 -graded algebras with zero differentials
Examples
In this section, we provide some examples of (non-)geometrically-Bott-Chern-formal manifolds.
3.1. Iwasawa manifold. We show a non-zero Aeppli-Bott-Chern-Massey product on the Iwasawa manifold, which is one of the simplest example of non-Kähler complex nilmanifolds. Hence, by Theorem 2.5, we get the following. One gets that I 3 is a 3-dimensional holomorphically-parallelizable complex nilmanifold, endowed with a H(3; C)-left-invariant complex structure inherited by the standard complex structure on H(C; C).
A H(3; C)-left-invariant co-frame for the space of (1, 0)-forms on I 3 is given by
and the corresponding structure equations are We show here that compact complex surfaces diffeomorphic to solvmanifolds are geometrically-BottChern-formal. (Furthermore, except possibly in the case of primary Kodaira surface, they are also geometrically-Dolbeault-formal. Here, by geometrically-Dolbeault-formal, we mean that X admits a Hermitian metric with respect to which ker ∆ g ∂ is an algebra, where ∆ Proof. Explicit representatives for the cohomologies are provided in [2, Table 1, Table 2 ]. More precisely, a left-invariant Hermitian metric g is fixed. The harmonic representatives with respect to such a metric, and in terms of a left-invariant orthonormal co-frame ϕ 1 , ϕ 2 for the holomorphic co-tangent bundle, are the following:
• for Inoue surface of type S M :
• for primary Kodaira surface:
note in particular that
• for secondary Kodaira surface:
• for Inoue surface of type S ± :
As an explicit example of a surface in class VII, in [2, §2.1], the Calabi-Eckmann structure [6] on the Hopf surface is studied. From the computations there, one has the following result. Theorem 3.3. Let X be the Hopf surface endowed with the Calabi-Eckmann complex structure. Then X is both geometrically-H ∂ -formal and geometrically-Bott-Chern-formal.
Proof. In fact, see [2, Proposition 2.4], for a fixed Hermitian metric g and a fixed left-invariant co-frame of the holomorphic cotangent bundle, one computes the following harmonic representatives:
proving the statement.
3.3. Calabi-Eckmann structure on S 3 × S 3 . E. Calabi and B. Eckmann constructed in [6] a complex structure on the manifolds M u,v diffeomorphic to S 2u+1 × S 2v+1 , where u, v ∈ N. More precisely, M u,v is the total space of an analytic fibre bundle with fibre a torus and base CP u × CP v . It is also the total space of an analytic fibre bundle with fibre M 0,v and base CP v . In the case uv = 0, the manifold M u,v is called Hopf manifold.
We show the following, concerning S 3 × S 3 .
Proposition 3.4. The manifold S 3 × S 3 endowed with the Calabi-Eckmann complex structure is geometrically-Bott-Chern-formal.
Proof. Consider the differentiable manifold X := S 3 × S 3 . View S 3 = SU (2) as a Lie group: it has a global left-invariant co-frame e 1 , e 2 , e 3 such that
Hence, we consider a global left-invariant co-frame e 1 , e 2 , e 3 , f 1 , f 2 , f 3 for T X with structure equations
Endow X with the left-invariant almost-complex structure J defined by the (1, 0)-forms
By computing the complex structure equations,
we note that J is in fact integrable. The manifold X is a compact complex manifold not admitting any Kähler metric. (Indeed, the second Betti number is zero.) The above complex structure coincides with the structures that have been studied by E. Calabi and B. Eckmann on the products S 2p+1 × S 2q+1 as clarifying examples in non-Kähler geometry, [6] .
Consider the Hermitian metric g whose associated (1, 1)-form is
As for the de Rham cohomology, from the Künneth formula we get
(where, here and hereafter, we shorten, e.g., ϕ 131 := ϕ 1 ∧ ϕ 3 ∧φ 1 ). By [11, Appendix II, Theorem 9.5], one has that a model for the Dolbeault cohomology is given by
, where superscripts denote bi-degree. In particular, we recover that the Hodge numbers are
Since it is closed for the C-linear Hodge- * -operator associated to g, H ∂ (ι) is injective, see, e.g., [7, Lemma 9] , compare also [3, Theorem 1.6, Remark 1.9]. By knowing the Hodge numbers, we note that is it also surjective. Therefore H ∂ (ι) is an isomorphism. More precisely, we get 
where we list the harmonic representatives with respect to the Bott-Chern Laplacian of the Hermitian metric associated to ω.
In particular, the Bott-Chern numbers are h 0,0
Note that the product of Bott-Chern harmonic forms is still Bott-Chern harmonic, hence ω is a geometrically-Bott-Chern-formal metric on X.
3.4.
Holomorphically-parallelizable Nakamura manifold. Consider the holomorphically-parallelizable Nakamura manifold, [16, §2] , namely, X := Γ\G where
and Γ is a lattice in G. In [12, Example 2], respectively [3, Example 2.26], the Dolbeault, respectively Bott-Chern, cohomology of X is computed, depending on the lattice, by using the techniques developed by H. Kasuya in [12] , and the results in [3] . More precisely, [12, Corollary 1.3, Corollary 4.2] provides a differential Z 2 -graded algebra
being finite-dimensional as a C-vector space, such that H ∂ (ι) is an isomorphism. In fact, as remarked to us by H. Kasuya, B
•,• Γ , ∂, ∂ has a structure of bi-differential Z 2 -graded algebra. As for Bott-Chern cohomology, by [3, Corollary 2.15] , the inclusion
We show that the natural Hermitian metric on the holomorphically-parallelizable Nakamura manifold is not geometrically-Bott-Chern-formal, but it is geometrically-Dolbeault-formal. Proposition 3.5. Let X = Γ\G be the holomorphically-parallelizable Nakamura manifold. The Hermitian
Proof. To describe explicitly the cohomologies of the holomorphically-parallelizable Nakamura manifold, depending on the lattice, consider a set {z 1 , z 2 , z 3 } of local holomorphic coordinates, where {z 1 } and {z 2 , z 3 } give local holomorphic coordinates on C and, respectively, C 2 . (As a matter of notation, we shorten, e.g., e −z1 d z 12 := e −z1 d z 1 ∧ dz 2 .) The lattice is of the form
where Γ is a lattice of C 2 , and a+ , where we regard SL(2; C) ⊂ SL(4; R), see [10] . We distinguish the following two cases. Table 7 ]. (Note that C
•,• has in fact a structure of algebra.) Since C •,• is closed for the Hodge- * -operator associated to the metric g, it allows to compute the ∆ g BC -harmonic representatives of the Bott-Chern cohomology as done in [3, Table 8 is not. In particular, the metric g on X is not geometrically-Bott-Chern-formal. case (b): Suppose that
In this case, the Dolbeault cohomology of X is computed by means of the bi-differential Z 2 -graded algebra and e −z1 dz 2 ∈ C 0,1 but e −z1 d z 2 ∧ e −z1 dz 2 = e −2Rez1 d z 22 ∈ C 1,1 .) Since C •,• is closed for the Hodge- * -operator associated to the metric g, it allows to compute the ∆ g BC -harmonic representatives of the Bott-Chern cohomology as done in [3, Table 11 ]. Note that, e.g., is not. In particular, the metric g on X is not geometrically-Bott-Chern-formal.
This proves the statement.
